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1. INTRODUCTION 
Consider the continuous two-point boundary value problem (BVP) 
y" x ' = f (  ,y ,y  ) ,  o < z < 1, (1) 
y(0) = A, y(1) = B, (2) 
and its discrete approximation 
A2yk+l / A71,\ 
h- - - - - - -y - - -=f (xk ,yk ,~- ) ,  k=l  . . . . .  n - l ,  (3) 
Y0 = A, yn -- B, (4) 
where f is continuous and vector-valued, the step size h = 1/n,  and grid points xk = kh for 
0893-9659/02/$ - see front matter (~) 2002 Elsevier Science Ltd. All rights reserved. Typeset by Jk.h/t~TEX 
PII: S0893-9659(02)00147-7 
80 H.B .  THOMPSON AND C. C. TISDELL 
k = 0, . . . ,  n. The first and second (backward) differences are given, respectively, by 
Ay k = { Yk --Yk-1, for k = 1, . . . ,n ,  
0, for k = 0, 
Yk+l - -2yk+Yk-1 ,  fo rk=l , . . . ,n -1 ,  
A2yk+I = 0, for k = 0 or k = n. 
It is well known that the discrete problem (3),(4) can admit spurious olutions which become 
large and irrelevant to the continuous problem as h ~ 0. For example, the BVP [1] 
y" = / (y ,  y') ,  y(0) = 0 = y(1), 
where 
/ (y,y') = 




for y _> 1 + -~-, 
ly'l ly'l for -~- _< y < 1 + -~--, 
ly'l ly'l for -~-- - 1 < y < -~--, 
ly'l 
fo ry< -1  + -~-, 
max ly(x)l <_ R and 
0~x'~l 
max ly'(x)t < N,  
0~x<:l 
for some constants R and N (see [2,3]). The corresponding discrete problem [1] has some solutions 
satisfying the above bounds (for example, the trivial solution), although for n -- 2m, the spurious 
solution 
2k, for k = 0 , . . . ,m,  
Yk= 2(n-- k), fo rk=m+l , . . . ,n , .  
satisfies 
1 lYk - Yk-l l  2 
max lYkl -~ n = -~, max - h ' 
k=O,...,n k=l,...,n h 
which are unbounded as h ~ 0. 
In this paper, we shall give conditions which guarantee 
(a) all of the solutions to the discrete BVP satisfy certain a priori bounds, 
(h) solutions to the discrete problem exist. 
Since the a priori bounds on solutions are independent of h, the nonexistence of spurious 
solutions to the discrete problem are guaranteed. When f is scalar-valued, Gaines presented 
results of this nature for solutions to the continuous problem in [2,3] and for the discrete problem 
in [1]. 
Our results use different techniques to the maximum principles applied in [1,4-6]. (These 
maximum principles do not necessarily imply the existence of a priori bounds on all solutions to 
the discrete problem.) Instead, our theorems rely on conditions regarding the magnitude of IIY011 
and tlYnll. These conditions have been applied by Hartman to the continuous problem [7]. 
The primary advantage of this paper is that the results apply to systems of equations and it 
appears that the results are new, even for the two-dimensional case. There is suitable scope for 
extending our results to the infinite-dimensional Hilbert space setting. 
Our results imply that the techniques in [8] of approximating fixed points of continuous op- 
erators may be applied to the discrete problem. The approximation of fixed points will then 
correspond to the approximation of solutions to the discrete problem. 
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2. NOTAT ION AND PREL IMINARY RESULTS 
Let Ilyll denote the usual norm on R d and set Ilyll -- max{ltykll : k -- 0 , . . .  ,n}. 
For a bounded open set T, let OT denote the boundary of T and let T denote its closure 
We denote the space of m times continuously differentiable functions mapping from A to B by 
Cm(A; B) endowed with the usual maximum norm. If B -- R, then we omit the B. By a solution 
to problem (1), we mean a twice continuously differentiable vector function y(x) satisfying (1) 
for all x E [0,1]. 
By a solution to problem (3), we mean a vector ~ = (Y0,... ,yn) E R (n+l)d satisfying (3) for 
all k = 1, . . .  ,n - 1. The value of the k th component, yk, of a solution y of (3) is expected to 
approximate y(xk), for some solution y of (1). 
3. A PRIORI BOUNDS AND EX ISTENCE OF SOLUTIONS 
In this section, we use some a priori bound techniques to formulate the existence of solutions 
to the discrete problem (3),(4). 
LEMMA 1. Let a, K, and R be nonnegative constants ubject to 2Ra < 1. There exists a 
constant N with the following property. If fl satisfies 
IIyll -< R, h2 _< h-------y--- + K, k = 1 , . . . ,  n - 1, (5) 
where rk+l = tlyk+lll 2 for k = 1,. . .  ,n  - 1, then IIAykll/h < N for k = 1 . . . .  ,n. Moreover, N is 
independent of h. 
PROOF. See [6]. 
THEOREM 1. Let a, K, and R be nonnegative constants atisfying 2Ra < 1 and set /~ = 
max{llAH, IIBII}. Let f • C([0,1] × R2d; Rd) satisfy 
[If(x,y,p)ll <_a((y,f(x,y,p)} + llpl[ 2) +K,  {y,f(x,y,p)) _>0, 
forxe[O, 1], yER d, per  d. 
(6) 
H • + 2aft 2 + K/4 < R, then every solution ~l to problem (3) and (4) satisfies 
1 
IIflH <- R, for h < -~, 
I l iA  l,_yk,___._._.A , _< N, for k = 1 . . . . .  n. 
h 
PROOF. If ~ is a solution to problem (3),(4), then 
n--1 
Yk- - - -A (1 -xk)+Bxk-hEG(xk ,  si) f(si ,Y~,~---~), 
i= l  
(7) 
for each k = 0 , . . . ,  n, where 
G(xk ,s i )=  [ (1 -kh) ih ,  fo r0<ih<kh<l ,  
t (1 ih)kh, fo r0<_kh<ih<l .  
Since G > 0 and the inequalities in (6) imply that for ff E R (n+l)d, 
II II II~+lll______~ ~ "A2yk+I" <aA 2 +K,  k=l ,  . ,n - l ,  
h 2 - h 2 " "  
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then taking norms in (7), we have, setting Ilrkll = Ilykll 2, 
Ilykll < n+ h ~-" C(x~,s~) +K - t, ~ ' 
i=1 
for each k = 0 , . . . ,n .  
Using summation by parts, a tedious but straightforward calculation leads to 
n-1 (o~A2rz+l ~ 1 




h ~-~ G(xk ,s i )g  < --~. 
i=1 
Thus, for every solution ~ of (3),(4), 
K 
Ilykll - /3  ÷ 2~/~ 2 ÷ ~- < R, for each k - -  0 , . . . ,n .  
This bound, together with the inequalities in (6) and the assumption 2aR < 1 imply that 
Lemma 1 is applicable to every solution ?7 of (3), and thus, 
I IAykll - - _<N,  
h 
for each k = 1, . . . ,n .  
This concludes the proof. 
REMARK 1. Since the a priori bounds in Theorem 1 are independent ofthe step size h, it follows, 
under the conditions of Theorem 1, that no spurious olutions to (3),(4) can exist. 
REMARK 2;  The condition (y,f(x,y,p)l  > 0 in (6) is a very strong assumption and is not 
needed in the continuous case, however, authors uch as Wintner have assumed these conditions, 
for example, in [9]. This condition is needed in the discrete case due to the slight variation of the 
product rule for the difference operator compared with that of the differential operator. 
The next theorem illustrates that there are solutions which exist to (3),(4). 
THEOREM 2. Let the conditions of Theorem 1 hold. Then the discrete BVP (3),(4) has a 
solution ?7. 
PROOF. It may be checked by direct computation that problem (3),(4) has a solution 77 if and 
only if 
n--1 
i= l  
for k--- 0 , . . . ,n .  
Define an operator T : R (n+l)d --+ R (n+l)d by 
n-1  
i=1 
k=O, . . . ,n .  
The problem is thus reduced to showing that T(zj) -- ?7 for some ?7 • R(n+l)d. We do this by 
using degree theory. Let 
( IIAy~II = 4?7 • R ¢~+l)d : N?TH < n + 1, 
h t 
- -<N+I ,  k= l , . . . ,n} .  
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Now consider 
( I  - AT)(~) --- 0, 0 < A < 1, (8) 
where 0 is the zero vector. This is equivalent o ~ satisfying 
A2yk+I )~f (Xk,Yk, ~k) h2 ~ , k - -  1 , . . . ,n -  1, (9) 
Yo = hA, Yn = AB. (10) 
We show that if ( I  - AT)(~) = 8 with ~ • ~, then ~ • f~ (and consequently, y ~ 0R). First, 
see that this is trivially satisfied for A = 0, so assume A • (0, 1]. Notice that the inequalities in 
Theorem 1 are satisfied if f is replaced by Af for ~ • (0, 1]. 
Set "r = max{HAA][, I[AB[[}. Therefore, ~ _</3 and 
K </3+2aj3 2+K 
+ 2a~2 + -T - 4- < R. 
Thus, from the argument in the proof of Theorem 1, every solution ~ to (8) satisfies/7 E 12. 
Therefore, ( I  - AT) (~) ~ 0, for all A • [0,1] and ~ • 0fL The degree is defined on the bounded, 
open set ~ and we have, by the invariance of the degree under homotopy (see [10]), 
d (( I  - AT) (~), f~, 0) = d (( I  - T) (~), 12, 0) = d (I, f~, 0) = 1(5 0), 
since 8 • fL Therefore, T has a fixed point, and thus, there is a solution ~ to (3),(4). This 
concludes the proof. 
Consider the discrete BVP which does not arise as an approximation to the continuous problem, 
that is, 
A2yk+t = f (k ,  yk, Ayk) ,  k = 1 , . . . ,n -  1, 
Yo = A, y,~ = B. 
(11) 
(12) 
As it is of interest in its own right, we now present an existence theorem for solutions to (11),(12). 
In addition to the conditions of Theorem 2, these theorems involve restrictions on the length of 
the interval [0, HI. 
THEOREM 3. Let a,  K,  and R be nonnegative constants satisfying 2Ra < 1 and set /3 = 
max{HAil, NBH}. Let f • C({0,1 , . . . ,  n} × ~24; Rd) satisfy 
IIf(x,y,p)lt < a ((y,f(x,y,p)) + [[p[I 2) + K, (y,f(x,y,p)) > O, 
for x e {0,1, . . . ,  n}, IlYll < R, p • R d. 
I l l3 + 2a~ 2 + Kn/4  <_ R, then every solution 9 to problem (11) and (12) satisfies 
I[Y[[ -< R, l[Ayk[[ < N, for k = 1 , . . . ,n .  
PROOF. The proof is very similar to that of Theorem 1 and is omitted. 
THEOREM 4. Let the conditions of Theorem 3 hold. Then the discrete BVP  (11),(12) has a 
solution ~. 
PROOF. The proof is very similar to that of Theorem 2 and is omitted. 
The following result is a well-known, special case of Theorem 4. A variant may also be found 
in [11] (see also references therein). 
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LEMMA 2. Set fl = max{llAlJ, lJBll} 
C({0, 1, . . . ,  n} x Rd; R d) satisfy 
IIf(x,y)II < K, 
I f  fl + Kn /4  <_ R, then the Bl IP  
A~yk+l = f (k ,  yk), 
Yo = A, 
has a solution ~ satisfying [[~[[ < R. 
PROOF. Immediate  from Theorem 4. 
and let K and R be nonnegative constants. 
for x e {0, 1, . . . ,  n}, Ilyll < R, 
k = 1 , . . . ,n -  1, 
Yn = B, 
Let f E 
4. CONVERGENCE OF  SOLUTIONS 
In this section, we apply our results to formulate some convergence theorems. The following 
is a general izat ion of [1, Theorem 2.5]. 
THEOREM 5. Let  the assumptions of Theorem 2 hold. Given ¢ > 0, there exists a 5 = 5(e) > 0 
such that ifO < h < 5 and f/ is a solution of (3),(4), then there is a solution y(x) of (1),(2) such 
that 
max{Hy(x ,~) -y (x )H:O<x<l}  <_¢ and max{Hv(x,  f j ) -y ' (x )H :O<x<l}  <_e ,
where 
y(x, ~) = yk + (x - xk)Ayk+l for xk <_ x <_ xk+l, 
and 
h 
Ayk (x -- xk)A2yk+l 
v(x, ~) = ---if- + h2 , for Xk <_ x <_ Xk+l, 
' ,  fo rO<X<Xl .  
PROOF. The proof  is similar to that  of [1] and so is omitted.  
REMARK 3. It  follows from Theorem 5 that  if solutions to the continuous problem (1),(2) are 
unique, then solutions to (3),(4) converge to solutions of the continuous problem in the sense of 
Theorem 5. 
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